Online conference

\Vﬁ Arabian International Conference on Science, Technology and
» \4( gy
Z/SN Innovation (AICSTI 2026)

LINEAR TRANSFORMATIONS IN MINKOWSKI SPACE AND THEIR PHYSICAL
INTERPRETATIONS IN SPECIAL RELATIVITY

Sevinchova Charosxon Maxmudjonovna
New Uzbekistan University
E-mail: c.sevinchova@newuu.uz

ANNOTATSIYA

Ushbu tezis Minkovskiy fazosidagi chiziqli almashtirishlarning maxsus nisbiylik nazariyasidagi
matematik va fizik mazmunini o‘rganishga bag‘ishlangan. Minkovskiy fazosining intervali, Lorens
almashtirishlari va ularning metrikani saqlash xususiyati tahlil qilinadi. Shuningdek, chiziqli
almashtirishlarning turli inersial sanoq sistemalaridagi koordinatalar, vaqt va fazoviy masofalarning
o‘zaro bog‘ligligini ifodalashdagi roli ko‘rsatiladi.

Kalit so‘zlar: Minkovskiy fazosi, Lorens almashtirishi, maxsus nisbiylik, chiziqli almashtirish,
invariant interval, fazo-vaqt, Lorens guruhi.

AHHOTANUA

B nanHol#i paboTe paccMaTpUBAIOTCS MaTeMaTHYECKUE U (PU3NIECKHE WHTEPIPETAIIH JTHHEHHBIX
npeoOpa3oBaHuil B MPOCTpaHCTBE MMHKOBCKOTO B paMKax CIEUaJIbHOW TEOPUH OTHOCHUTEIILHOCTH.
AHanu3upyroTcs MHTEpBajibl MHHKOBCKOro, IpeoOpazoBaHus JIopeHlla U UX CBOICTBO COXpPaHATH
METPUKY MpOCTpaHCTBa-BpeMeHU. Iloka3aHa ponb JMHEHHBIX MNpeoOpa3oBaHU B ONMCAHUU
B3aUMOCBSI3M IPOCTPAHCTBEHHBIX U BPEMEHHBIX KOOPJAMHAT B PA3JIMYHBIX MHEPLUAIBHBIX CHUCTEMAX
OTCYETa.

KuroueBble cioBa: npoctpaHcTBO MUHKOBCKOro, mnpeoOpasoBanue JlopeHua, crneuuanbHas
TEOpUsi OTHOCHUTEJIBHOCTH, JIMHEHHOE NpeoOpa3oBaHUE, WHBAPUAHTHBIA MHTEPBAJ, HPOCTPAHCTBO-
Bpems, rpynna JlopeHua.

ABSTRACT

This thesis examines the mathematical structure and physical interpretation of linear
transformations in Minkowski space within special relativity. The Minkowski spacetime interval,
Lorentz transformations, and their metric-preserving properties are analyzed. Particular attention is
given to the role of linear transformations in relating space and time coordinates between different
inertial reference frames.

Keywords: Minkowski space, Lorentz transformation, special relativity, linear transformation,
invariant interval, spacetime, Lorentz group.

INTRODUCTION

Special relativity describes physical phenomena in inertial reference frames through the geometry
of four-dimensional spacetime. The mathematical formulation introduced by Minkowski unifies three
spatial coordinates and time into a single spacetime structure. In this formulation, events are
represented by four-vectors, while transformations between inertial frames are described by Lorentz
transformations [1, pp. 48-55].

For an event with coordinates

xM=(ctxryz),
the spacetime interval is defined as
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s?=c’*t?—x’—y*—7>.

A fundamental requirement of special relativity is that this interval remains invariant under
transformations between inertial frames [2, pp. 21-27]. Therefore, the study of linear transformations
in Minkowski space provides a geometric interpretation of the basic principles of special relativity.

METHODS

The mathematical analysis is based on four-dimensional vector spaces, bilinear forms, matrix

representations, and invariant quantities. A linear transformation can be written as

2t2

xH=Al X,
where Ais a 4x4transformation matrix.
For the Minkowski metric
1 0 0 O
(0 -1 0 O
™o o -1 o)
0o 0 o0 -1
the Lorentz transformation must satisfy
A™A=|

This condition guarantees that the spacetime interval is invariant:
x Tx=xTnx.
Thus,
s2=¢2.

The preservation of this quadratic form distinguishes Lorentz transformations from ordinary
Euclidean rotations [1, pp. 53—60; 3].

RESULTS

Consider two inertial reference frames Sand S, where S'moves with velocity valong the x-axis
relative to S. The corresponding Lorentz transformation is

ct &=y(ct—Bx),

X &=y(x—Bet),
y &=y,
z&=z,
where
v 1
p o e
In matrix form,
ct y  —yB 0 0\ sct
X _ —-B v 0 0 X
y o0 o0 1 of\y
7 0 0O 0 1 z

The transformation demonstrates that time and space coordinates are not independent quantities.
A change of inertial reference frame mixes the temporal coordinate ctwith the spatial coordinate x.
This mathematical structure leads directly to the physical effects of time dilation and length
contraction [2, pp. 28-35].

The Lorentz transformation also preserves the causal structure of spacetime. Depending on the
sign and magnitude of the invariant interval, two events may be timelike, lightlike, or spacelike

separated:
§2>0, s2=0, s*<0.
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These three cases determine whether a causal signal travelling at or below the speed of light can
connect the events [3].

Another important consequence is that physical quantities such as energy and momentum form a
four-vector:

w_ (E
p= (E’px'py’pz) .
Its invariant norm gives
2
- 220
P'py=z pT=mc,

or equivalently,

E2=p2c2+m?c?|

Thus, the same geometric principle that preserves the spacetime interval also produces the
relativistic energy—momentum relation [1, pp. 70-75].

DISCUSSION

The results show that Lorentz transformations should not be interpreted merely as algebraic
formulas for converting coordinates. They represent symmetry transformations of Minkowski
spacetime. Their defining property,

ATmA=n,

expresses the invariance of the spacetime geometry under changes between inertial observers.

From the physical perspective, this invariance explains why different inertial observers may
assign different values to time and spatial coordinates while agreeing on the invariant spacetime
interval. Consequently, time dilation, length contraction, relativity of simultaneity, and relativistic
energy—momentum relations can all be understood as consequences of the same underlying spacetime
geometry [2, pp. 36-43; 4].

CONCLUSION

Linear transformations in Minkowski space provide the mathematical foundation for describing
changes between inertial reference frames in special relativity. Lorentz transformations preserve the
Minkowski metric and therefore maintain the invariant spacetime interval. Their matrix structure
demonstrates the fundamental unity of space and time and provides a geometric interpretation of
relativistic phenomena.

Therefore, the study of linear transformations in Minkowski space establishes a direct connection
between linear algebra, differential geometry, and the physical principles of special relativity.
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